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UNIT-1: RINGS AND FIELDS

Ring: A system (R; +,-) where R is a non-empty set and +,- are two binary operations on R is a
ring if it satisfies the following conditions. (i) (R, + ) is an abelian group. (ii) (R, ) is a semi-
group. (iii) Multiplication is distributive under addition. Here ‘0’ is called additive identity.

Ex1(Z +,) (@ +,) (R +,) (C; +,)areallrings.

2. <R =1{0,1,2,3,4,5} +¢, Xs> isaring.

4. FE = The set of even integer’s = {2n /n€ Z} = {...,—4,—2,0,2,4 ... } form a ring.

5.0 =The set of all odd integers= {2n + 1 /ne Z} = {...,—3,—1,1,3 ...} is not a ring.

6. The set M of 2x2 matrices whose elements are integers. i.e. M = {[Ccl Z] /ab,cdE€ Z}
then (M; +,-) isaring.

Commutative ring: Aring (R; +,) is said to be commutative ringifa-b =b-a Va,b €ER

Ring with unity: Aring (R; +,-) is said to be ring with unity if there exists ‘1’€ R such that a -
1=1-a=a Va € R.Here ‘1’ is called unity element in R

Commutative ring with unity: Aring (R; +,-) is said to be commutative ring with unity if
(a-b=b-a Va,b €R (ii) if there exists ‘1’€ Rsuchthata-1=1-a=a Va€R.
Ex1.(Z +,) (@ +,) (R +,) (C; +,) areall commutative rings with unity.

2. E = The set of even integer’s = {2n /n€ Z} = {...,—4,—2,0, 2,4 ... } form a commutative
ring without unity.

Boolean ring: Aring (R; +,-) is said to be Booleanringifa-a =a Va €R

i.e.a? =a Va € R (Inaring R every element is idempotent then R is said to be Boolean ring)
Cancellation laws hold in R: Let (R; +,-) bering. Fora,b,c € R

()a#0 ab=ac= b =c (leftcancellation law) and

(ida#0 ba=ca= b =c (right cancellation law) Then we say that Cancellation laws
hold in R

Ring with zero divisors: Aring(R; +,-) is said to have zero divisors if there exists a, b, € R S0
thata # 0,b #0and ab =0




Ring with zero divisors: Aring(R; +,-) is said to have zero divisors if there exists a, b, € R so
thata = 0,b #0and ab =0

Ex: 1.Thering < R = {0,1,2,3,4,5} +4 X¢> has zero divisors. Since 2,3 € R and 2 # 0, 3 #
Oand2X3 =0 also 3,4€R and3#0, 4+ 0and3 X4 =0

So the set of zero divisors of R = {2, 3, 4}

2. Thering < R ={0,1,2,3,4,5,6} +, X,> has no zero divisors. Since1,L3€R 3 1#0, 3 #
Oand 1x,3=3+0

Ring without zero divisors: Aring(R; +,-) is said to have no zero divisors if Va,b € R s0
and ab = 0 then either a =0o0r b = 0.

Ex:1.(Z +,) (@ +,) (R +,-) (C; +,) areall have no zero divisors.

2. Thering < R ={0,1,2,3,4,5,6} +, X,> has no zero divisors. Since1,L3€ R 3 1#0, 3 #
Oand1x,3=3+0

Integral domain: Aring(R; +,-) is said to be an integral domain if (i) multiplication is
commutative in R (ii) R has no zero divisors.

Note: (i) In aring R, the additive identity is called zero element of R

(i) In aring R, the multiplicative identity is called unity element of R
Ex:1.(Z; +,) (Q +,) (R;+,) (C; +,")are all integral domain.
2. Thering <R ={0,1,2,3,4,5,6} +, x,> isan |.D

Division ring (Skew field): Aring (R; +,) with at least two elements is said to be division ring
if (i) R has unity element (ii) every non-zero element of R is invertible under multiplication.

ie.Va#0so3beER 3a-b=b-a =1 = biscalled inverse of'a'in R
Ex: 1. (Z; +,) isnotdivisionring. (ii) (Q; +,7) (R; +,) (C; +,-) are all division rings.
(iii) The ring < R = {0,1,2,3,4,5,6} +, x> is adivision ring.

Field: Aring (R; +,-) with atleast two elements is said to be field if (i) Multiplication is
commutative in R (ii) R has unity element in R (iii) every non-zero element of R is invertible
under multiplication.

Ex: () (Q; +,) (R; +,7) (C; +,) are all fields.




Theorem 1: If R isa Booleanringthen (il a+a=0 VaeR (i)a+b=0=a=0»b

(iii) R is commutative under multiplication (OR) If R is Boolean ring then show that R is a
commutative ring.

Proof:((la€R=a+a€R [+ (R,+) isagroup]
Since R is a Boolean ringso (a + a)? =a+a
(a+a)>=a+a= (a+a)a+a)=(a+a)
= ala+a)+ala+a)=(a+a) [By R.D.L]
= (a.a+a.a)+ (a.a+aa)=(a+a) [ByLD.L]
= (a+a)+(a+a)=(a+a) [+ a?=a Va€R]
= @+a)+(@a+a)=0+(a+a)
= (a+a)=0 [ByR.C.Lofgroup (R,+)]
(ia+b=0=a+b=a+a By (i)
= b =a [ByR.C.Lofgroup (R,+)]
=a=5b
(iiiya,b ER = a+ b €R since RisaBooleanringso (a+b) 2 =a+b
Now (a+b)2=a+b=(a+b)(a+b)=a+b
= a(a+b)+bla+b)=a+b [By R.D.L]
= (a.a+a.b)+ (b.a+b.b)=a+b [ByL.D.L]
= (a+a.b)+(bh.a+b)=a+b [+ a*=a, b>=b ,Va,b€R]
= (a+b)+(a.b+b.a) =a+b [+isAssand cominR]
= (a+b)+(a.b+b.a)=(@+b)+0
= ab + ba =0 [By L.C.L ofgroup (R, +)]
= ab = ba By (ii)

~ R is commutative under multiplication




Theorem 2: A ring R has no zero divisors iff cancellation laws holds in R
Proof: Necessary condition :( =) we can assume that R has no zero divisors
To prove cancellation laws holds in R
() Fora,b,c € Rsuchthata +#0, ab = ac
a+0, ab=ac=ab—ac=0=a(b—c)=0
= b—c=0 [~ a=# 0andR has no zero divisors]
= b =c - leftcancellation laws holds in R
() Fora,b,c € Rsuchthata #0, ba = ca
a+0, ba=ca=ba—-ca=0=(b—c)a=0
= b—c=0 [va+#0andR has no zero divisors]|
= b=c - right cancellation laws holds in R
Hence cancellation laws holds in R
Sufficient condition : (<) we can assume that cancellation laws hold in R
To prove that R has no zero divisors
If possible suppose R has zero divisors. i.e. 3a,b € Rsothat a +# 0,b # 0and ab =0
a#0,and ab=0=>a #0,and ab=a.0=b =0
(By l.c.l) which is contradict tob # 0
~ R has no zero divisors
Theorem 3: A division ring has no zero divisors

Proof: Let (R; +,-) be division ring. To prove that R has no zero divisors. i.e. a,b €
Randab=0=a=00rb=0

(i) Leta,b €ER, a+ 0, andab =0
since a # 0,R is a division ring

= Ja '€R>3aa!=ata=1][Everynonzero element has multiplicative inverse]




ab=0=a(ab)=a.0= (a'a)p=0=1.b =0 = b = 0 [R has unity element ]
(i) Leta,b €R, b#0, andab =0

since b # 0,R is a division ring

= 3b 1€ R3 bbb~ =b71b = 1[Every non zero element has multiplicative inverse]
ab=0= (ab)b"'=0.b"' = a(bb™)) =0=a.1=0= a = 0 [R has unity element |
Hence a,b e Randab=0=a=0o0r b =0 - R hasno zero divisors

Theorem 4: A field has no zero divisors

Proof: Let (F; +,") be field.

() Leta,b €F, a+0, andab =0

sincea#0,Fisafield= 3a'€F3aa'=atla=1

a0, ab=0=a(ab)=a10=(ala)b=0=1b=0=b=0

Thus a,b €F, a#0, andab=0=b =0

(i) Leta,b €F, b+ 0, andab =10

sinceb#0,Fisafield= 3b*€F3bb'=b"1h=1

b#+0, ab=0=(ab)b'=0.b'=abb)=0=a1=0=a=0

Hence a,b € Fandab=0=a =0o0r b =0 - F hasno zero divisors

Theorem5: Every field is an integral domain. Is the converse true?

Proof: To prove that every field is an integral domain. For this we have to show that a field F
has no zero divisors.

(i) Leta,b €F, a+0, andab =0

sincea# 0,Fisafield= 3al€F3aal=atla=1

a+0, ab=0=a(ab)=a 0= (ala)b=0=1b=0=b=0
Thus a,b €F, a#0, andab=0=>b =0

(i) Leta,b €F, b+0, andab =10

sinceb #0,Fisafield= 3b *€eFabb1=b"1h=1




b+0, ab=0= (ab)b ' =0.b"'=abb™H)=0=a1=0=a=0

Hence a,b e Fandab=0=a=0o0r b =0 - F hasno zero divisors

The converse of the theorem need not be true. i.e. An integral domain need not be field.

For example, the ring of integers (Z; +,-) is an integral domain but it is not a field because
4 # 0 € Z has no multiplicative inverse in Z.

Theorem6: A finite integral domain is a field.

Proof: Let (D; +,") be an integral domain with ‘ n’ elements.

To prove that D is a field. We have to show that (i) D has a unity element (ii) every non zero
element has multiplicative inverse.

LetD = {x1,x3,%3 ..., x,} anda+0€D,

Consider the set aD = { ax;, ax,, ax; ..., ax,}

Letp € aD thenp = ax, wherex, €D 1<r<n

Sincea € D, x,. €D and D is an integraldomain = ax, € D =p €D = aD S D
If possible, suppose ax; = ax; forl<ij<n andi#j

= a(xl- — Xj ) =0=x;—x;=0=x; =x; [“a#0andD hasno zero divisors]

Which is contradiction to D has ‘n ‘distinct elements.
So aD has 'n’ distinct elements, D has 'n’distinct elements and aD €D so -~ aD =D

For a#0€D,sinceaD =D = a € aD = a = ax, forsomex, €D
Since D is commutative . a = ax, = X.a

We now prove that x,, is the unity element. Lety € D L y€EaD =y =
ax, forsome x;, € D

xXey = x.(ax; ) = (x,a)x, = ax, =y Since D is commutative y = Xx,y = yX,
» Xo(= 1) is the unity element.

~1€D,wehavel €aD = 1 =ax; forsomex; €D

~a#*0€D Ix;€D3ax; =xa=1 [Since D is commutative]

= Every non zero element has multiplicative inverse. Hence D is afield.




Problems:

1. Show that R = {a + bv2/a, b € Q} = Q(v'2) form a field under usual addition and
multiplication.

Sol: R = {a +bV2/a,b € Q} = Q(\/f) Letx,y,z € Rsothat x = a; + blx/f,
y =a, + b,V2 Z=as+ bsV2, where a,,b, ,a,,b, ,a3,b; € Q
I: (R,+) is an abelian group
(i) Closure property: x +y = (a; + a,) + (by + b,)V2 =a+ bV2 €R
wherea=a,+a, €Q and b=b;+b, EQ
(i) Commutative property:
x+y=(a;+a)+ b +b)V2=(a,+a;)+ (b, +b)V2=y+x
(iii) Associative property: (x + y) + z = [(a; + a,) + az] + [(by + b,) + bs]V2
= [a; + (az + az)] + [by + (b, + bx)IV2 = x + (y + 2)
(iv) Clearly 0 = 0 + 0v/2 is the additive identity
(v) Clearly (—a) + (—=b)V2 is the inverse of a + bv2
Il: (R,) is semi group
(vi) xy = (a,a, + 2b,b,) + (a;b, + a,by)V2 € (@(\/7) alsoxy = yx Vx,y € Q(\/f)
(vii) (xy)z = [(aa; + 2b1b,) + (arb, + azb V2] (as + bsV2)
= (a,a,0a3 + 2b;byas + 2a,b,bs + 2a,b,b3 ) +V2(a;byas + aybas + a;a,bs + 2bibybs)
similarly we can prove that x(yz) = (aya,a3 + 2b;b,a3 + 2a,b,b; + 2a,b, b3 )
+V2(a;byas + a,biaz + ajabs + 2b1bybs) v (xy)z = x(vZ)
I11: Distributive laws
x.(y+z)= (al + bl\/i). [(az +a3) + (b, + b3)\/§] = [a,a, + ayaz + 2(b1b, + by b3)
+V2(a,by + azhy + arb, + a,b;)

xy + xz = [(ayaz + 2b,b,) + (a1b, + azbl)\/i] + (ajaz + 2byb3) + (aibs + azb,)V2
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~x(y+2)=xy+xz alsowecanprove (y+z).x = yx + zx
IV: unity element: Let 1 = 1 4+ 0v2 then for any x = a + b2

we havex.1=1.x=x Vx € Q(V2)

Vi Inverse property: Leta + bv2 # 0 € Q(V2) then a+zln/i - ;2_—b2ﬁ =T
b

\/E(_ a2—2b2)

o 0+ 42 ) = 00D e 2 (-] =

= Every non zero element has multiplicative inverse
So (Q(V2),+,)is a field.

2. Give an example of division ring which is a not a field
a+ib c+id

—c+id a-—ib
elements are complex numbers.

Sol: Consider the set M = { ]/a,b, c,d € R} of 2 X 2 matrices whose

We know that (M; +,-) is a ring under matrices addition and multiplication.

(l)[ a1 + lb1 C1 + ldl] [ az + lbz CZ + ldz]
_C1 + ldl a1 - lbl CZ + ldz az - lbz

_[(a1+a2)+i(b1+b2) (ci+c)+i(dy+dy)] _[ptiq T+lS] M
(=) +i(dy+dy) (ap+ay)—i(by+by)l |-r+is p

where p = (a; + a,), q=(Mby+b,)) r=(1+¢cy), s=(d,+d,) ER
~ '+'is binary operation on M

(if) We know that matrices addition is commutative and associative.

_[0+i0 0+LO

(iii) Clearly 0 = [_0 +i0 0— [

. _[a+ib c+id (a+ib) —(c+id)]
(IV)LetAEMWhereA—[_C_l_l,d a—lb] then — A = [(C-I-Ld) —(a—ib) EM

Wehave A+ (—=A) = (-A)+A =0
(V) Clearly A.B = [a1+lb1 C1+‘d][a2+‘b2 Cz+ldz]=[a+ib c+id

¢ +id;y ay—ib; c, +id, a,—ib, —c+id a—ib]EM
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(vi)We know that matrices multiplication is associative
(vii) We know that matrices multiplication is distributive under addition

(Viii)uearly[uio 0+ i0 _[1 0

—0+i0 1—i0l=lo 1 is the unity element

a+ib c+id

(ix)LetA;tOeMaA:[_c_l_id Ty

] where a,b,c,d € R

detA = (a + ib)(a —ib) — (¢ + id)(—c + id) = a? + b*— (—c? — d?)
=a’*+b*+c*+d*#0

Every A # 0 € M is a non — singular matrices and hence invertiable

M is a division ring but not field because matrix multiplication is not a commutative.

3. Show that the set z[i] = {a + ib/a, b € Z}of Gaussian integers is an integral domain
under usual addition and multiplication. Is it a field?

Sol: z[i] ={a+ib/a,b € Z} Letx,y,z € z[i]
sothat x=a,+1ib;, y=a,+ib,, z=a;+ibswhereay, a, a3, by, by, b; €EZ
Now x +y = (ay + iby) + (a, +ib,) = (a; + a,) + i(by + by) = p + iq € z[i]
wherep = (a, + a,) € Z, q= (b, +by,) EL
~ "+ 'is binary operation on z[i]
xy = (a; + iby).(a, + iby) = (aya, — byby)+i((a1b, + biay) = ¢ + id € z[i]
where ¢ = (a;a, — b1b,), d = (a1b,+ ba,) EZL
" 'is binary operation on z[i]
Since the elements of z[i] are also complex numbers. We have that
(i) Addition and multiplication are commutative in z[i]
(ii) Addition and multiplication are associative in z[i]
(iif) Multiplication is distributive under addition in z[i]
(iv) Clearly the zero elements 0 + i(0), the unity element 1 + i(0)

(v) Forevery x = a +ib € z[i],
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we have —x = —(a + ib)so that x + (—x) = [a + (—a) + i[b + (=b)] = 0+ i(0)
~ (z[i]; +, ) is a commutative ring with unity.
For x,y € z[i] and xy = 0= x = 0 or y = 0 since x,y are comple numbers

~ (z[i]; +, ) is an integral domain with unity.

Leta =34+ 4i # 0 € z][i] Wehaveb=23—5+i(—%)sothata.b= (3+4i)[%+i(—%)]

=—+—=+Ii

9 16 <12 12
25 25

. . 3 ( 4 .
E—E>—1+l(0), butﬁ+l<—ﬁ)$z[1] as—,——¢Z

~ Every non zero element in Z is not a invertiable and hence z[i] is not field.

Characteristic of ring : The characteristic of a ring R is defined as the least positive integer p
such that pa = 0 Va € R. In case such a positive integer does not exist then we say that the
characteristic of Ris zero or infinite.

Ex:1.R ={0,1,2,3,4,5,} isaring under +¢, X¢. So the cha of R = 6.

2. The char of aring (Z; +,-) is zero. Since3 does not exist a positive integer
such that na =0 Va € Z

Theorem1: If R is a non-zero ring such that a? = a Va € R then char of R is 2.
Proof: Leta €R, a € R,and Risa group = a+a €R

since a’> = a Ya € R

s(@at+ta))=a+a=@+a)(at+a)=a+a

= ala+a)+ala+a)=a+a [byR.D.L]

= (a.a+a.a)+ (a.a+a.a) =(a+a) [byLD.L]

= (a+a)+(a+a)=(a+a) [sincea? =a ]

= (a+a)+(a+a)=(a+a)+0 (byl.clofagroup (R, +)]

= (a+a)=0=2a=0

Furthera#0 l.a=a#0=1.a#0 [If 1.a=0Va€RthenR = {0}]

=~ 2 is the least positive intege such that 2.a = 0 Va € R
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Theorem?2: If char of R is 2 and a, b such that a and b are commute then

(a + b)? = a? + b? = (a — b)?

Proof:a,b€R=a+b€R

~(a+b)?=(a+b)a+b)=(a+b)a+ (a+b).b

=a%+ ba+ ab + b? = a* + ab + ab + b?

= a’? + 2ab + b? [since a,b € R = ab € R and char of R = 2 so 2ab = 0]

= a% + b?

~(a+b)? = a?+ b?

(a —b)? = a? — 2ab + b? = a? + b?

Theorem3: The characteristic of an integral domain is either a prime number or a zero.

Proof: Let (R; +,-) be an integral domainand a # 0 € R

Case (I): If o(a) = 0 ais consider as an element of the group (R; +)

~ char of R =0 [+~ If any element of aring R is order zero,regarded as a member
of the additive group of R the char of R is zero]

Case (ii): If o(a) = is finite, Let o(a) = p where p is the positive integer

By known theorem; The char of an integral domain is the order of any non-zero element of R,
regarded as a member of additive group (R; +).

~ char of R = p To prove that P is prime

If possible, suppose P is not a prime.

& p=pip, wherep, # 1,p, # landp; <palsop, <p

Since R has no zero divisors, the product of any non-zero elements cannot be zero.
ca#z0=aa#0=a>#0€R

~ o0(a?) = p = pis the least positive integer such that pa? = 0

= (p1p2)a’® = 0 = (p;a)(p.a) =0

= p;a = 0 or p,a =0 (since R has no zero divisors)
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This is a contradiction [ .~ o(a) =pand p; <p, p, <p = pa =0 but p,a # 0,p,a # 0]
=~ Our supposition is wrong so P is a prime.

Hence the char of R is either a prime or a zero.

Theorem4: The characteristic of a field/ division ring is either a prime number or a zero

Proof: we know that every field is an integral domain. And write the proof of above theorem.




