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UNIT-1: RINGS AND FIELDS 

Ring: A system (𝑅; +,∙ ) where  𝑅 is a non-empty set and +,∙ are two binary operations on 𝑅 is a 

ring if it satisfies the following conditions. (i) (𝑅, + ) is an abelian group. (ii) (𝑅, ∙ ) is a semi-

group. (iii) Multiplication is distributive under addition. Here ‘0’ is called additive identity. 

Ex: 1. (ℤ; +,∙ )    (ℚ; +,∙ )    (ℝ; +,∙ )    (ℂ; +,∙ ) are all rings. 

2. < 𝑅 = {0,1,2,3,4,5} +6, ×6> is a ring.  

3. < 𝑍6 = {0̅, 1̅, 2 ̅3̅, 4̅, 5̅} ⊕⊙ > is a ring 

4. 𝐸 = The set of even integer’s = {2𝑛 ∕n∈ ℤ} = {… , −4, −2,0,2,4 … } form a ring. 

5. O = The set of all odd integers= {2𝑛 + 1 ∕n∈ ℤ} = {… , −3, −1,1,3 … } is not a ring. 

6. The set M of 2x2 matrices whose elements are integers. i.e. 𝑀 = {[
𝑎 𝑏
𝑐 𝑑

] ∕ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ}  

then (𝑀; +,∙ ) is a ring. 

Commutative ring: A ring (𝑅; +,∙ ) is said to be commutative ring if 𝑎 ∙ 𝑏 = 𝑏 ∙ 𝑎   ∀𝑎, 𝑏 ∈ 𝑅 

Ring with unity: A ring (𝑅; +,∙ ) is said to be ring with unity if there exists ‘1’∈ 𝑅 such that 𝑎 ∙

1 = 1 ∙ 𝑎 = 𝑎   ∀𝑎 ∈ 𝑅. Here ‘1’ is called unity element in 𝑅 

Commutative ring with unity: A ring (𝑅; +,∙ ) is said to be commutative ring with unity if 

 (i) 𝑎 ∙ 𝑏 = 𝑏 ∙ 𝑎   ∀𝑎, 𝑏 ∈ 𝑅  (ii) if there exists ‘1’∈ 𝑅 such that 𝑎 ∙ 1 = 1 ∙ 𝑎 = 𝑎   ∀𝑎 ∈ 𝑅. 

Ex: 1. (ℤ; +,∙ )    (ℚ; +,∙ )    (ℝ; +,∙ )    (ℂ; +,∙ ) are all commutative rings with unity. 

2. 𝐸 = The set of even integer’s = {2𝑛 ∕n∈ ℤ} = {… , −4, −2, 0, 2, 4 … } form a commutative 

ring without unity. 

Boolean ring: A ring (𝑅; +,∙ ) is said to be Boolean ring if 𝑎 ∙ 𝑎 = 𝑎   ∀𝑎 ∈ 𝑅  

𝑖. 𝑒. 𝑎2 = 𝑎   ∀𝑎 ∈ 𝑅 (In a ring  𝑅 every element is idempotent then 𝑅 is said to be Boolean ring) 

Cancellation laws hold in 𝑹: Let (𝑅; +,∙ ) be ring. For 𝑎, 𝑏, 𝑐 ∈ 𝑅  

(𝑖)𝑎 ≠ 0      𝑎𝑏 = 𝑎𝑐 ⟹ 𝑏 = 𝑐  ( 𝑙𝑒𝑓𝑡 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝑙𝑎𝑤) 𝑎𝑛𝑑 

(𝑖𝑖)𝑎 ≠ 0     𝑏𝑎 = 𝑐𝑎 ⟹ 𝑏 = 𝑐  ( 𝑟𝑖𝑔ℎ𝑡 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑡𝑖𝑜𝑛 𝑙𝑎𝑤) Then we say that Cancellation laws 

hold in 𝑅 

Ring with zero divisors: A ring(𝑅; +,∙ )  is said to have zero divisors if there exists 𝑎, 𝑏, ∈ 𝑅 so 

that 𝑎 ≠ 0, 𝑏 ≠ 0 𝑎𝑛𝑑  𝑎𝑏 = 0 
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Ring with zero divisors: A ring(𝑅; +,∙ )  is said to have zero divisors if there exists 𝑎, 𝑏, ∈ 𝑅 so 

that 𝑎 ≠ 0, 𝑏 ≠ 0 𝑎𝑛𝑑  𝑎𝑏 = 0 

Ex: 1.The ring < 𝑅 = {0,1,2,3,4,5} +6, ×6>  has zero divisors.  Since 2,3 ∈ 𝑅  𝑎𝑛𝑑 2 ≠ 0, 3 ≠

0 𝑎𝑛𝑑 2 ×6 3 = 0   also  3,4 ∈ 𝑅  𝑎𝑛𝑑 3 ≠ 0, 4 ≠ 0 𝑎𝑛𝑑 3 ×6 4 = 0    

So the set of zero divisors of R = {2, 3, 4} 

2. The ring < 𝑅 = {0,1,2,3,4,5,6} +7, ×7>  has no zero divisors.  Since 1,3 ∈ 𝑅  ∋  1 ≠ 0, 3 ≠

0 𝑎𝑛𝑑 1 ×7 3 = 3 ≠ 0     

 Ring without zero divisors: A ring(𝑅; +,∙ )  is said to have no zero divisors if  ∀𝑎, 𝑏 ∈ 𝑅 so 

 𝑎𝑛𝑑  𝑎𝑏 = 0 𝑡ℎ𝑒𝑛 𝑒𝑖𝑡ℎ𝑒𝑟 𝑎 = 0 𝑜𝑟 𝑏 = 0. 

Ex: 1. (ℤ; +,∙ )    (ℚ; +,∙ )    (ℝ; +,∙ )    (ℂ; +,∙ ) are all have no zero divisors. 

2. The ring < 𝑅 = {0,1,2,3,4,5,6} +7, ×7>  has no zero divisors.  Since 1,3 ∈ 𝑅  ∋  1 ≠ 0, 3 ≠

0 𝑎𝑛𝑑 1 ×7 3 = 3 ≠ 0     

Integral domain: A ring(𝑅; +,∙ )  is said to be an integral domain if (i) multiplication is 

commutative in 𝑅  (ii) 𝑅 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠. 

Note: (i) In a ring 𝑅, the additive identity is called zero element of 𝑅   

(ii) In a ring 𝑅, the multiplicative identity is called unity element of 𝑅 

Ex: 1. (ℤ; +,∙ )    (ℚ; +,∙ )    (ℝ; +,∙ )    (ℂ; +,∙ ) are all integral domain. 

2. The ring < 𝑅 = {0,1,2,3,4,5,6} +7, ×7>  is an I.D 

Division ring (Skew field): A ring (𝑅; +,∙ ) with at least two elements is said to be division ring 

if (i) 𝑅 has unity element (ii) every non-zero element of 𝑅 is invertible under multiplication.  

i.e. ∀𝑎 ≠ 0 𝑠𝑜 ∃𝑏 ∈ 𝑅 ∋ 𝑎 ∙ 𝑏 = 𝑏 ∙ 𝑎  = 1   ∴ 𝑏 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓′𝑎′𝑖𝑛 𝑅 

 Ex: 1. (ℤ; +,∙ )  is not division ring.   (ii) (ℚ; +,∙ ) (ℝ; +,∙ ) (ℂ; +,∙ ) are all division rings. 

(iii) The ring < 𝑅 = {0,1,2,3,4,5,6} +7, ×7>  is a division ring. 

Field: A ring (𝑅; +,∙ ) with atleast two elements is said to be field if (i) Multiplication is 

commutative in 𝑅 (ii) 𝑅 has unity element in 𝑅 (iii) every non-zero element of 𝑅 is invertible 

under multiplication. 

Ex: (i) (ℚ; +,∙ ) (ℝ; +,∙ ) (ℂ; +,∙ ) are all fields. 
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Theorem 1: If 𝑹 is a Boolean ring then (i) 𝒂 + 𝒂 = 𝟎     ∀𝒂 ∈ 𝑹    (ii) 𝒂 + 𝒃 = 𝟎 ⟹ 𝒂 = 𝒃  

(iii) 𝑹 is commutative under multiplication (0R) If 𝑹 is Boolean ring then show that 𝑹 is a 

commutative ring. 

Proof: (i) 𝑎 ∈ 𝑅 ⟹ 𝑎 + 𝑎 ∈ 𝑅         [ ∵  ( 𝑅, +)  is a group] 

Since 𝑅 is a Boolean ring so (𝑎 + 𝑎)2 = 𝑎 + 𝑎    

(𝑎 + 𝑎)2 = 𝑎 + 𝑎 ⟹ (𝑎 + 𝑎)(𝑎 + 𝑎) = (𝑎 + 𝑎) 

                             ⟹ 𝑎(𝑎 + 𝑎) + 𝑎(𝑎 + 𝑎) = (𝑎 + 𝑎)                [By R.D.L] 

                             ⟹ (𝑎. 𝑎 + 𝑎. 𝑎) + (𝑎. 𝑎 + 𝑎. 𝑎) = (𝑎 + 𝑎)      [By L.D.L] 

                             ⟹ (𝑎 + 𝑎) + (𝑎 + 𝑎) = (𝑎 + 𝑎)         [∵  𝑎2 = 𝑎   ∀𝑎 ∈ 𝑅 ] 

                             ⟹ (𝑎 + 𝑎) + (𝑎 + 𝑎) = 0 + (𝑎 + 𝑎) 

                             ⟹ (𝑎 + 𝑎) = 0       [By R.C.L of group ( 𝑅, +)] 

(ii) 𝑎 + 𝑏 = 0 ⟹ 𝑎 + 𝑏 = 𝑎 + 𝑎         𝐵𝑦 (𝑖) 

                       ⟹ 𝑏 = 𝑎   [By R.C.L of group ( 𝑅, +)] 

                       ⟹ 𝑎 = 𝑏 

(iii) 𝑎, 𝑏 ∈ 𝑅 ⟹ 𝑎 + 𝑏 ∈ 𝑅  since 𝑅 is a Boolean ring so (𝑎 + 𝑏)2 = 𝑎 + 𝑏    

Now (𝑎 + 𝑏)2 = 𝑎 + 𝑏 ⟹ (𝑎 + 𝑏)(𝑎 + 𝑏) = 𝑎 + 𝑏 

                                      ⟹ 𝑎(𝑎 + 𝑏) + 𝑏(𝑎 + 𝑏) = 𝑎 + 𝑏                [By R.D.L] 

                                      ⟹ (𝑎. 𝑎 + 𝑎. 𝑏) + (𝑏. 𝑎 + 𝑏. 𝑏) = 𝑎 + 𝑏      [By L.D.L] 

                                      ⟹ (𝑎 + 𝑎. 𝑏) + (𝑏. 𝑎 + 𝑏) = 𝑎 + 𝑏     [∵  𝑎2 = 𝑎, 𝑏2 = 𝑏   , ∀𝑎, 𝑏 ∈ 𝑅] 

                                      ⟹ (𝑎 + 𝑏) + (𝑎. 𝑏 + 𝑏. 𝑎) = 𝑎 + 𝑏   [+ 𝑖𝑠 𝐴𝑠𝑠 𝑎𝑛𝑑 𝑐𝑜𝑚 𝑖𝑛𝑅] 

                                      ⟹ (𝑎 + 𝑏) + (𝑎. 𝑏 + 𝑏. 𝑎) = (𝑎 + 𝑏) + 0 

                                      ⟹ 𝑎𝑏 + 𝑏𝑎 = 0  [By L.C.L of group ( 𝑅, +)] 

                                      ⟹ 𝑎𝑏 = 𝑏𝑎  By (ii) 

∴ 𝑅 is commutative under multiplication 
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Theorem 2: A ring 𝑹 has no zero divisors iff cancellation laws holds in 𝑹 

Proof: Necessary condition :( ⟹) we can assume that 𝑅 has no zero divisors 

To prove cancellation laws holds in 𝑅 

(i) For 𝑎, 𝑏, 𝑐 ∈ 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ≠ 0,    𝑎𝑏 = 𝑎𝑐 

𝑎 ≠ 0,    𝑎𝑏 = 𝑎𝑐 ⟹ 𝑎𝑏 − 𝑎𝑐 = 0 ⟹ 𝑎(𝑏 − 𝑐) = 0 

                             ⟹ 𝑏 − 𝑐 = 0  [∵ 𝑎 ≠ 0 𝑎𝑛𝑑 𝑅 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠] 

                             ⟹ 𝑏 = 𝑐     ∴  𝑙𝑒𝑓𝑡 cancellation laws holds in 𝑅  

(i) For 𝑎, 𝑏, 𝑐 ∈ 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑎 ≠ 0,    𝑏𝑎 = 𝑐𝑎 

𝑎 ≠ 0,    𝑏𝑎 = 𝑐𝑎 ⟹ 𝑏𝑎 − 𝑐𝑎 = 0 ⟹ (𝑏 − 𝑐)𝑎 = 0 

                             ⟹ 𝑏 − 𝑐 = 0  [∵ 𝑎 ≠ 0 𝑎𝑛𝑑 𝑅 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠] 

                            ⟹ 𝑏 = 𝑐      ∴  𝑟𝑖𝑔ℎ𝑡 cancellation laws holds in 𝑅  

𝐻𝑒𝑛𝑐𝑒 cancellation laws holds in 𝑅   

Sufficient condition :(⟸) we can assume that cancellation laws hold in 𝑅 

To prove that 𝑅 has no zero divisors 

If possible suppose 𝑅 has zero divisors. i.e. ∃ 𝑎, 𝑏 ∈ 𝑅 𝑠𝑜 𝑡ℎ𝑎𝑡  𝑎 ≠ 0, 𝑏 ≠ 0 𝑎𝑛𝑑  𝑎𝑏 = 0 

𝑎 ≠ 0, 𝑎𝑛𝑑  𝑎𝑏 = 0 ⟹ 𝑎 ≠ 0, 𝑎𝑛𝑑  𝑎𝑏 = 𝑎. 0 ⟹ 𝑏 = 0 

 (𝐵𝑦 𝑙. 𝑐. 𝑙) 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡 𝑡𝑜 𝑏 ≠ 0 

∴  𝑅 has no zero divisors 

Theorem 3: A division ring has no zero divisors 

Proof: Let (𝑅; +,∙ ) be division ring. To prove that 𝑅 has no zero divisors. i.e. 𝑎, 𝑏 ∈

𝑅 𝑎𝑛𝑑 𝑎𝑏 = 0 ⟹ 𝑎 = 0 𝑜𝑟 𝑏 = 0 

(i) Let 𝑎, 𝑏 ∈ 𝑅 , 𝑎 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 

𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ 0 , 𝑅 𝑖𝑠 𝑎 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑟𝑖𝑛𝑔 

⟹  ∃ 𝑎−1 ∈ 𝑅 ∋ 𝑎𝑎−1 = 𝑎−1𝑎 = 1 [ 𝐸𝑣𝑒𝑟𝑦 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒] 
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𝑎𝑏 = 0 ⟹ 𝑎−1(𝑎𝑏) = 𝑎−1. 0 ⟹ (𝑎−1𝑎)𝑏 = 0 ⟹ 1. 𝑏 = 0 ⟹ 𝑏 = 0  [𝑅 ℎ𝑎𝑠 𝑢𝑛𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ] 

(ii) Let 𝑎, 𝑏 ∈ 𝑅 , 𝑏 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 

𝑠𝑖𝑛𝑐𝑒 𝑏 ≠ 0 , 𝑅 𝑖𝑠 𝑎 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑟𝑖𝑛𝑔 

⟹  ∃ 𝑏−1 ∈ 𝑅 ∋ 𝑏𝑏−1 = 𝑏−1𝑏 = 1 [ 𝐸𝑣𝑒𝑟𝑦 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒] 

𝑎𝑏 = 0 ⟹ (𝑎𝑏)𝑏−1 = 0. 𝑏−1 ⟹ 𝑎(𝑏𝑏−1) = 0 ⟹ 𝑎. 1 = 0 ⟹ 𝑎 = 0  [𝑅 ℎ𝑎𝑠 𝑢𝑛𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ] 

Hence   𝑎, 𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑎𝑏 = 0 ⟹ 𝑎 = 0 𝑜𝑟 𝑏 = 0 ∴  𝑅 has no zero divisors 

Theorem 4: A field has no zero divisors 

Proof: Let (𝐹; +,∙ ) be field.  

(i) Let 𝑎, 𝑏 ∈ 𝐹 , 𝑎 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 

𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ 0 , 𝐹 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 ⟹  ∃ 𝑎−1 ∈ 𝐹 ∋ 𝑎𝑎−1 = 𝑎−1𝑎 = 1  

𝑎 ≠ 0,   𝑎𝑏 = 0 ⟹ 𝑎−1(𝑎𝑏) = 𝑎−1. 0 ⟹ (𝑎−1𝑎)𝑏 = 0 ⟹ 1. 𝑏 = 0 ⟹ 𝑏 = 0   

Thus  𝑎, 𝑏 ∈ 𝐹 , 𝑎 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 ⟹ 𝑏 = 0 

(ii) Let 𝑎, 𝑏 ∈ 𝐹 , 𝑏 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 

𝑠𝑖𝑛𝑐𝑒 𝑏 ≠ 0 , 𝐹 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 ⟹  ∃ 𝑏−1 ∈ 𝐹 ∋ 𝑏𝑏−1 = 𝑏−1𝑏 = 1  

𝑏 ≠ 0, 𝑎𝑏 = 0 ⟹ (𝑎𝑏)𝑏−1 = 0. 𝑏−1 ⟹ 𝑎(𝑏𝑏−1) = 0 ⟹ 𝑎. 1 = 0 ⟹ 𝑎 = 0  

Hence   𝑎, 𝑏 ∈ 𝐹 𝑎𝑛𝑑 𝑎𝑏 = 0 ⟹ 𝑎 = 0 𝑜𝑟 𝑏 = 0 ∴  𝐹 has no zero divisors 

Theorem5: Every field is an integral domain. Is the converse true? 

Proof: To prove that every field is an integral domain. For this we have to show that a field F 

has no zero divisors. 

(i) Let 𝑎, 𝑏 ∈ 𝐹 , 𝑎 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 

𝑠𝑖𝑛𝑐𝑒 𝑎 ≠ 0 , 𝐹 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 ⟹  ∃ 𝑎−1 ∈ 𝐹 ∋ 𝑎𝑎−1 = 𝑎−1𝑎 = 1  

𝑎 ≠ 0,   𝑎𝑏 = 0 ⟹ 𝑎−1(𝑎𝑏) = 𝑎−1. 0 ⟹ (𝑎−1𝑎)𝑏 = 0 ⟹ 1. 𝑏 = 0 ⟹ 𝑏 = 0   

Thus  𝑎, 𝑏 ∈ 𝐹 , 𝑎 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 ⟹ 𝑏 = 0 

(ii) Let 𝑎, 𝑏 ∈ 𝐹 , 𝑏 ≠ 0,   𝑎𝑛𝑑 𝑎𝑏 = 0 

𝑠𝑖𝑛𝑐𝑒 𝑏 ≠ 0 , 𝐹 𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑 ⟹  ∃ 𝑏−1 ∈ 𝐹 ∋ 𝑏𝑏−1 = 𝑏−1𝑏 = 1  
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𝑏 ≠ 0, 𝑎𝑏 = 0 ⟹ (𝑎𝑏)𝑏−1 = 0. 𝑏−1 ⟹ 𝑎(𝑏𝑏−1) = 0 ⟹ 𝑎. 1 = 0 ⟹ 𝑎 = 0  

Hence   𝑎, 𝑏 ∈ 𝐹 𝑎𝑛𝑑 𝑎𝑏 = 0 ⟹ 𝑎 = 0 𝑜𝑟 𝑏 = 0 ∴  𝐹 has no zero divisors 

The converse of the theorem need not be true. i.e. An integral domain need not be field. 

For example, the ring of integers (ℤ; +,∙ )  is an integral domain but it is not a field because  

4 ≠ 0 ∈ ℤ ℎ𝑎𝑠 𝑛𝑜 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑖𝑛 ℤ. 

Theorem6: A finite integral domain is a field. 

Proof: Let (𝐷; +,∙ ) be an integral domain with ‘ n’ elements. 

To prove that 𝐷 is a field. We have to show that (i) D has a unity element (ii) every non zero 

element has multiplicative inverse. 

Let 𝐷 = { 𝑥1, 𝑥2, 𝑥3 … , 𝑥𝑛}      and 𝑎 ≠ 0 ∈ 𝐷 , 

Consider the set 𝑎𝐷 = { 𝑎𝑥1, 𝑎𝑥2, 𝑎𝑥3 … , 𝑎𝑥𝑛} 

Let 𝑝 ∈ 𝑎𝐷 𝑡ℎ𝑒𝑛 𝑝 = 𝑎𝑥𝑟     𝑤ℎ𝑒𝑟𝑒 𝑥𝑟 ∈ 𝐷      1 ≤ 𝑟 ≤ 𝑛   

Since 𝑎 ∈ 𝐷,    𝑥𝑟 ∈ 𝐷  𝑎𝑛𝑑 𝐷 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑑𝑜𝑚𝑎𝑖𝑛 ⟹ 𝑎𝑥𝑟 ∈ 𝐷 ⟹ 𝑝 ∈ 𝐷 ⟹ 𝑎𝐷 ⊆ 𝐷 

If possible, suppose  𝑎𝑥𝑖 = 𝑎𝑥𝑗       𝑓𝑜𝑟 1 ≤ 𝑖, 𝑗 ≤ 𝑛    𝑎𝑛𝑑  𝑖 ≠ 𝑗 

⟹ 𝑎(𝑥𝑖 − 𝑥𝑗  ) = 0 ⟹ 𝑥𝑖 − 𝑥𝑗 = 0 ⟹ 𝑥𝑖 = 𝑥𝑗    [∵ 𝑎 ≠ 0 𝑎𝑛𝑑 𝐷 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠]   

Which is contradiction to 𝐷 has ‘n ‘distinct elements. 

So  𝑎𝐷 ℎ𝑎𝑠 ′𝑛′ 𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, 𝐷 ℎ𝑎𝑠 ′𝑛′𝑑𝑖𝑠𝑡𝑖𝑛𝑐𝑡 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠  𝑎𝑛𝑑  𝑎𝐷 ⊆ 𝐷   𝑠𝑜 ∴ 𝑎𝐷 = 𝐷    

For  𝑎 ≠ 0 ∈ 𝐷 , 𝑠𝑖𝑛𝑐𝑒 𝑎𝐷 = 𝐷 ⟹ 𝑎 ∈ 𝑎𝐷 ⟹ 𝑎 = 𝑎𝑥𝑒   𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑥𝑒 ∈ 𝐷    

Since 𝐷 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒     ∴  𝑎 = 𝑎𝑥𝑒 = 𝑥𝑒𝑎 

We now prove that 𝑥𝑒 is the unity element. Let 𝑦 ∈ 𝐷       ∴  𝑦 ∈ 𝑎𝐷 ⟹ 𝑦 =

𝑎𝑥𝑘  𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑥𝑘 ∈ 𝐷     

𝑥𝑒𝑦 = 𝑥𝑒(𝑎𝑥𝑘  ) = (𝑥𝑒𝑎)𝑥𝑘 = 𝑎𝑥𝑘 = 𝑦   Since 𝐷 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒     𝑦 = 𝑥𝑒𝑦 = 𝑦𝑥𝑒 

∴  𝑥𝑒(= 1) is the unity element. 

∴ 1 ∈ 𝐷 , 𝑤𝑒 ℎ𝑎𝑣𝑒 1 ∈ 𝑎𝐷 ⟹ 1 = 𝑎𝑥𝑙    𝑓𝑜𝑟𝑠𝑜𝑚𝑒 𝑥𝑙 ∈ 𝐷  

∴ 𝑎 ≠ 0 ∈ 𝐷  ∃ 𝑥𝑙 ∈ 𝐷 ∋ 𝑎𝑥𝑙 = 𝑥𝑙𝑎 = 1    [Since 𝐷 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒] 

⟹ 𝐸𝑣𝑒𝑟𝑦 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒. Hence 𝐷 𝑖𝑠 𝑎𝑓𝑖𝑒𝑙𝑑. 
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Problems: 

1. Show that 𝑹 = {𝒂 + 𝒃√𝟐 𝒂⁄ , 𝒃 ∈ ℚ} = ℚ(√𝟐) form a field under usual addition and 

multiplication. 

Sol: 𝑅 = {𝑎 + 𝑏√2 𝑎⁄ , 𝑏 ∈ ℚ} = ℚ(√2). Let 𝑥, 𝑦, 𝑧 ∈ 𝑅 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑥 = 𝑎1 + 𝑏1√2,   

𝑦 = 𝑎2 + 𝑏2√2         𝑧 = 𝑎3 + 𝑏3√2, 𝑤ℎ𝑒𝑟𝑒 𝑎1, 𝑏1 , 𝑎2, 𝑏2 , 𝑎3, 𝑏3 ∈ ℚ  

I: (𝑹, +) 𝒊𝒔 𝒂𝒏 𝒂𝒃𝒆𝒍𝒊𝒂𝒏 𝒈𝒓𝒐𝒖𝒑 

(i) Closure property: 𝑥 + 𝑦 = (𝑎1 + 𝑎2) + (𝑏1 + 𝑏2)√2 = 𝑎 + 𝑏√2 ∈ 𝑅  

                    𝑤ℎ𝑒𝑟𝑒 𝑎 = 𝑎1 + 𝑎2 ∈ ℚ     𝑎𝑛𝑑      𝑏 = 𝑏1 + 𝑏2 ∈ ℚ  

(ii) Commutative property: 

 𝑥 + 𝑦 = (𝑎1 + 𝑎2) + (𝑏1 + 𝑏2)√2 = (𝑎2 + 𝑎1) + (𝑏2 + 𝑏1)√2 = 𝑦 + 𝑥  

(iii) Associative property: (𝑥 + 𝑦) + 𝑧 = [(𝑎1 + 𝑎2) + 𝑎3] + [(𝑏1 + 𝑏2) + 𝑏3]√2 

                                         = [𝑎1 + (𝑎2 + 𝑎3)] + [𝑏1 + (𝑏2 + 𝑏3)]√2 = 𝑥 + (𝑦 + 𝑧) 

(iv) Clearly 0 = 0 + 0√2 𝑖𝑠 𝑡ℎ𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 

(v) Clearly (−𝑎) + (−𝑏)√2   𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑎 + 𝑏√2 

II: (𝑹,∙) 𝒊𝒔 𝒔𝒆𝒎𝒊 𝒈𝒓𝒐𝒖𝒑 

(vi) 𝑥𝑦 = (𝑎1𝑎2 + 2𝑏1𝑏2) + (𝑎1𝑏2 + 𝑎2𝑏1)√2 ∈ ℚ(√2) also 𝑥𝑦 = 𝑦𝑥  ∀𝑥, 𝑦 ∈ ℚ(√2) 

(vii)  (𝑥𝑦)𝑧 = [(𝑎1𝑎2 + 2𝑏1𝑏2) + (𝑎1𝑏2 + 𝑎2𝑏1)√2]. (𝑎3 + 𝑏3√2) 

= (𝑎1𝑎2𝑎3 + 2𝑏1𝑏2𝑎3 + 2𝑎1𝑏2𝑏3 + 2𝑎2𝑏1𝑏3 ) + √2(𝑎1𝑏2𝑎3 + 𝑎2𝑏1𝑎3 + 𝑎1𝑎2𝑏3 + 2𝑏1𝑏2𝑏3) 

𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝑤𝑒 𝑐𝑎𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡     𝑥(𝑦𝑧) = (𝑎1𝑎2𝑎3 + 2𝑏1𝑏2𝑎3 + 2𝑎1𝑏2𝑏3 + 2𝑎2𝑏1𝑏3 ) 

+√2(𝑎1𝑏2𝑎3 + 𝑎2𝑏1𝑎3 + 𝑎1𝑎2𝑏3 + 2𝑏1𝑏2𝑏3)       ∴ (𝑥𝑦)𝑧 = 𝑥(𝑦𝑧)  

III: Distributive laws 

𝑥. (𝑦 + 𝑧) = (𝑎1 + 𝑏1√2). [(𝑎2 + 𝑎3) + (𝑏2 + 𝑏3)√2] = [𝑎1𝑎2 + 𝑎1𝑎3 + 2(𝑏1𝑏2 + 𝑏1𝑏3) 

+√2(𝑎2𝑏1 + 𝑎3𝑏1 + 𝑎1𝑏2 + 𝑎1𝑏3) 

𝑥𝑦 + 𝑥𝑧 = [(𝑎1𝑎2 + 2𝑏1𝑏2) + (𝑎1𝑏2 + 𝑎2𝑏1)√2] + (𝑎1𝑎3 + 2𝑏1𝑏3) + (𝑎1𝑏3 + 𝑎3𝑏1)√2 
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∴ 𝑥(𝑦 + 𝑧) = 𝑥𝑦 + 𝑥𝑧     𝑎𝑙𝑠𝑜 𝑤𝑒 𝑐𝑎𝑛 𝑝𝑟𝑜𝑣𝑒 (𝑦 + 𝑧). 𝑥 = 𝑦𝑥 + 𝑧𝑥 

IV: unity element: Let 1 = 1 + 0√2 𝑡ℎ𝑒𝑛 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑥 = 𝑎 + 𝑏√2      

           𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥. 1 = 1. 𝑥 = 𝑥       ∀𝑥 ∈ ℚ(√2)  

V: Inverse property: Let 𝑎 + 𝑏√2 ≠ 0 ∈ ℚ(√2) 𝑡ℎ𝑒𝑛 
1

𝑎+𝑏√2
=

𝑎−𝑏√2

𝑎2−2𝑏2
=

𝑎

𝑎2−2𝑏2
+

√2 (−
𝑏

𝑎2−2𝑏2
) 

Now (𝑎 + 𝑏√2) (
1

𝑎+𝑏√2
) = (𝑎 + 𝑏√2) [

𝑎

𝑎2−2𝑏2 + √2 (−
𝑏

𝑎2−2𝑏2)] = 1 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ℎ𝑎𝑠 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒  

𝑆𝑜 (ℚ(√2), +,∙)𝑖𝑠 𝑎 𝑓𝑖𝑒𝑙𝑑. 

2. Give an example of division ring which is a not a field 

Sol: Consider the set 𝑀 = {[
𝑎 + 𝑖𝑏 𝑐 + 𝑖𝑑

−𝑐 + 𝑖𝑑 𝑎 − 𝑖𝑏
] 𝑎⁄ , 𝑏, 𝑐, 𝑑 ∈ ℝ} 𝑜𝑓 2 × 2 matrices whose 

elements are complex numbers. 

We know that (𝑀; +,∙) is a ring under matrices addition and multiplication. 

(i)[
𝑎1 + 𝑖𝑏1 𝑐1 + 𝑖𝑑1

−𝑐1 + 𝑖𝑑1 𝑎1 − 𝑖𝑏1
] + [

𝑎2 + 𝑖𝑏2 𝑐2 + 𝑖𝑑2

−𝑐2 + 𝑖𝑑2 𝑎2 − 𝑖𝑏2
] 

= [
(𝑎1 + 𝑎2) + 𝑖(𝑏1 + 𝑏2) (𝑐1 + 𝑐2) + 𝑖(𝑑1 + 𝑑2)

(−𝑐1 − 𝑐2) + 𝑖(𝑑1 + 𝑑2) (𝑎1 + 𝑎2) − 𝑖(𝑏1 + 𝑏2)
] = [

𝑝 + 𝑖𝑞 𝑟 + 𝑖𝑠
−𝑟 + 𝑖𝑠 𝑝 − 𝑖𝑞

] ∈ 𝑀 

𝑤ℎ𝑒𝑟𝑒    𝑝 = (𝑎1 + 𝑎2), 𝑞 = (𝑏1 + 𝑏2)    𝑟 = (𝑐1 + 𝑐2),    𝑠 = (𝑑1 + 𝑑2) ∈ ℝ 

∴  ′+′𝑖𝑠 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝑀 

(ii) We know that matrices addition is commutative and associative. 

(iii) Clearly 0 = [
0 + 𝑖0 0 + 𝑖0

−0 + 𝑖0 0 − 𝑖0
] = [

0 0
0 0

] 

(iv) Let 𝐴 ∈ 𝑀 𝑤ℎ𝑒𝑟𝑒 𝐴 = [
𝑎 + 𝑖𝑏 𝑐 + 𝑖𝑑

−𝑐 + 𝑖𝑑 𝑎 − 𝑖𝑏
]  𝑡ℎ𝑒𝑛 − 𝐴 = [

−(𝑎 + 𝑖𝑏) −(𝑐 + 𝑖𝑑)
−(−𝑐 + 𝑖𝑑) −(𝑎 − 𝑖𝑏)

] ∈ 𝑀  

We have 𝐴 + (−𝐴) = (−𝐴) + 𝐴 = 0 

(v) Clearly 𝐴. 𝐵 = [
𝑎1 + 𝑖𝑏1 𝑐1 + 𝑖𝑑1

−𝑐1 + 𝑖𝑑1 𝑎1 − 𝑖𝑏1
] . [

𝑎2 + 𝑖𝑏2 𝑐2 + 𝑖𝑑2

−𝑐2 + 𝑖𝑑2 𝑎2 − 𝑖𝑏2
] = [

𝑎 + 𝑖𝑏 𝑐 + 𝑖𝑑
−𝑐 + 𝑖𝑑 𝑎 − 𝑖𝑏

] ∈ 𝑀 
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(vi)We know that matrices multiplication is associative 

(vii) We know that matrices multiplication is distributive under addition 

(viii)Clearly [
1 + 𝑖0 0 + 𝑖0

−0 + 𝑖0 1 − 𝑖0
] = [

1 0
0 1

] is the unity element 

(ix) Let 𝐴 ≠ 0 ∈ 𝑀 ∋ 𝐴 = [
𝑎 + 𝑖𝑏 𝑐 + 𝑖𝑑

−𝑐 + 𝑖𝑑 𝑎 − 𝑖𝑏
]  𝑤ℎ𝑒𝑟𝑒  𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ  

𝑑𝑒𝑡𝐴 = (𝑎 + 𝑖𝑏)(𝑎 − 𝑖𝑏) − (𝑐 + 𝑖𝑑)(−𝑐 + 𝑖𝑑) = 𝑎2 + 𝑏2— (−𝑐2 − 𝑑2) 

= 𝑎2 + 𝑏2 + 𝑐2 + 𝑑2 ≠ 0  

 𝐸𝑣𝑒𝑟𝑦 𝐴 ≠ 0 ∈ 𝑀 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 

𝑀 𝑖𝑠 𝑎 𝑑𝑖𝑣𝑖𝑠𝑖𝑜𝑛 𝑟𝑖𝑛𝑔 𝑏𝑢𝑡 𝑛𝑜𝑡 𝑓𝑖𝑒𝑙𝑑 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒. 

3. Show that the set 𝒛[𝒊] = {𝒂 + 𝒊𝒃 𝒂⁄ , 𝒃 ∈ ℤ}of Gaussian integers is an integral domain 

under usual addition and multiplication. Is it a field? 

Sol: 𝑧[𝑖] = {𝑎 + 𝑖𝑏 𝑎⁄ , 𝑏 ∈ ℤ}   𝐿𝑒𝑡 𝑥, 𝑦, 𝑧 ∈ 𝑧[𝑖]  

𝑠𝑜 𝑡ℎ𝑎𝑡     𝑥 = 𝑎1 + 𝑖𝑏1,   𝑦 = 𝑎2 + 𝑖𝑏2,   𝑧 = 𝑎3 + 𝑖𝑏3 𝑤ℎ𝑒𝑟𝑒 𝑎1, 𝑎2, 𝑎3, 𝑏1, 𝑏2, 𝑏3 ∈ ℤ 

Now 𝑥 + 𝑦 = (𝑎1 + 𝑖𝑏1) + (𝑎2 + 𝑖𝑏2) = (𝑎1 + 𝑎2) + 𝑖(𝑏1 + 𝑏2) = 𝑝 + 𝑖𝑞 ∈ 𝑧[𝑖]   

𝑤ℎ𝑒𝑟𝑒 𝑝 = (𝑎1 + 𝑎2) ∈ ℤ, 𝑞 = (𝑏1 + 𝑏2) ∈ ℤ 

∴  ′ + ′𝑖𝑠 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝑧[𝑖]  

𝑥𝑦 = (𝑎1 + 𝑖𝑏1). (𝑎2 + 𝑖𝑏2) = (𝑎1𝑎2 − 𝑏1𝑏2)+i((𝑎1𝑏2 + 𝑏1𝑎2) = 𝑐 + 𝑖𝑑 ∈ 𝑧[𝑖]  

𝑤ℎ𝑒𝑟𝑒 𝑐 = (𝑎1𝑎2 − 𝑏1𝑏2),      𝑑 = (𝑎1𝑏2 + 𝑏1𝑎2) ∈ ℤ 

∴   ′ ⋅ ′𝑖𝑠 𝑏𝑖𝑛𝑎𝑟𝑦 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝑧[𝑖] 

Since the elements of 𝑧[𝑖] are also complex numbers. We have that 

(i) Addition and multiplication are commutative in 𝑧[𝑖] 

(ii) Addition and multiplication are associative in 𝑧[𝑖] 

(iii) Multiplication is distributive under addition in 𝑧[𝑖] 

(iv) Clearly the zero elements 0 + 𝑖(0), 𝑡ℎ𝑒 𝑢𝑛𝑖𝑡𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 1 + 𝑖(0) 

(v) For every 𝑥 = 𝑎 + 𝑖𝑏 ∈ 𝑧[𝑖] , 
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𝑤𝑒 ℎ𝑎𝑣𝑒  − 𝑥 = −(𝑎 + 𝑖𝑏)𝑠𝑜 𝑡ℎ𝑎𝑡 𝑥 + (−𝑥) = [𝑎 + (−𝑎) + 𝑖[𝑏 + (−𝑏)] = 0 + 𝑖(0) 

∴ ( 𝑧[𝑖]; +, ⋅) is a commutative ring with unity. 

For 𝑥, 𝑦 ∈ 𝑧[𝑖]  𝑎𝑛𝑑 𝑥𝑦 = 0 ⟹ 𝑥 = 0 𝑜𝑟 𝑦 = 0 𝑠𝑖𝑛𝑐𝑒  𝑥, 𝑦 𝑎𝑟𝑒 𝑐𝑜𝑚𝑝𝑙𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 

∴ ( 𝑧[𝑖]; +, ⋅) is an integral domain with unity. 

Let 𝑎 = 3 + 4𝑖 ≠ 0 ∈ 𝑧[𝑖]   𝑤𝑒 ℎ𝑎𝑣𝑒 𝑏 =
3

25
+ 𝑖 (−

4

25
) 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑎. 𝑏 = (3 + 4𝑖) [

3

25
+ 𝑖 (−

4

25
)] 

=
9

25
+

16

25
+ 𝑖 (

12

25
−

12

25
) = 1 + 𝑖(0), 𝑏𝑢𝑡

3

25
+ 𝑖 (−

4

25
) ∉ 𝑧[𝑖]   𝑎𝑠

3

25
, −

4

25
∉ ℤ 

∴ 𝐸𝑣𝑒𝑟𝑦 𝑛𝑜𝑛 𝑧𝑒𝑟𝑜 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑖𝑛 ℤ 𝑖𝑠 𝑛𝑜𝑡 𝑎 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑎𝑏𝑙𝑒 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑧[𝑖]    𝑖𝑠 𝑛𝑜𝑡 𝑓𝑖𝑒𝑙𝑑.   

Characteristic of ring : The characteristic of a ring 𝑹  is defined as the least positive integer p 

such that 𝑝𝑎 = 0  ∀𝑎 ∈ 𝑅. In case such a positive integer does not exist then we say that the 

characteristic of 𝑅is zero or infinite. 

Ex: 1. 𝑅 = {0,1,2,3,4,5, }  is a 𝑟𝑖𝑛𝑔 𝑢𝑛𝑑𝑒𝑟 +6, ×6. So the cha of 𝑅 = 6. 

2. The char of a ring  (ℤ;  +,∙ ) is zero. Since∃ 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑎 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟   

 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑛𝑎 = 0  ∀𝑎 ∈ ℤ 

Theorem1: If 𝑹 is a non-zero ring such that 𝒂𝟐 = 𝒂  ∀𝒂 ∈ 𝑹 then char of 𝑹  is 2. 

Proof: 𝐿𝑒𝑡 𝑎 ∈ 𝑅, 𝑎 ∈ 𝑅, 𝑎𝑛𝑑 𝑅 𝑖𝑠 𝑎 𝑔𝑟𝑜𝑢𝑝 ⟹ 𝑎 + 𝑎 ∈ 𝑅  

𝑠𝑖𝑛𝑐𝑒 𝑎2 = 𝑎  ∀𝑎 ∈ 𝑅   

∴ (𝑎 + 𝑎)2 = 𝑎 + 𝑎 ⟹ (𝑎 + 𝑎)(𝑎 + 𝑎) = 𝑎 + 𝑎 

⟹ 𝑎(𝑎 + 𝑎) + 𝑎(𝑎 + 𝑎) = 𝑎 + 𝑎  [by R.D.L] 

⟹ (𝑎. 𝑎 + 𝑎. 𝑎) + (𝑎. 𝑎 + 𝑎. 𝑎) = (𝑎 + 𝑎)  [by L.D.L] 

⟹ (𝑎 + 𝑎) + (𝑎 + 𝑎) = (𝑎 + 𝑎)  [since 𝑎2 = 𝑎  ] 

⟹ (𝑎 + 𝑎) + (𝑎 + 𝑎) = (𝑎 + 𝑎) + 0  (by l.cl of a group (R, +)] 

⟹ (𝑎 + 𝑎) = 0 ⟹ 2𝑎 = 0  

Further 𝑎 ≠ 0    1. 𝑎 = 𝑎 ≠ 0 ⟹ 1. 𝑎 ≠ 0   [𝐼𝑓 1. 𝑎 = 0 ∀𝑎 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑅 = {0}] 

∴ 2 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 2. 𝑎 = 0  ∀𝑎 ∈ 𝑅   
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Theorem2: If char of 𝑹 is 2 and 𝒂, 𝒃 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕  𝒂 𝒂𝒏𝒅 𝒃 𝒂𝒓𝒆 𝒄𝒐𝒎𝒎𝒖𝒕𝒆 𝒕𝒉𝒆𝒏  

(𝒂 + 𝒃)𝟐 = 𝒂𝟐 + 𝒃𝟐 = (𝒂 − 𝒃)𝟐 

Proof: 𝑎, 𝑏 ∈ 𝑅 ⟹ 𝑎 + 𝑏 ∈ 𝑅   

∴ (𝑎 + 𝑏)2 = (𝑎 + 𝑏)(𝑎 + 𝑏) = (𝑎 + 𝑏)𝑎 + (𝑎 + 𝑏). 𝑏 

= 𝑎2 + 𝑏𝑎 + 𝑎𝑏 + 𝑏2 = 𝑎2 + 𝑎𝑏 + 𝑎𝑏 + 𝑏2 

= 𝑎2 + 2𝑎𝑏 + 𝑏2   [since 𝑎, 𝑏 ∈ 𝑅 ⟹ 𝑎𝑏 ∈ 𝑅 𝑎𝑛𝑑 𝑐ℎ𝑎𝑟 𝑜𝑓 𝑅 = 2 𝑠𝑜 2𝑎𝑏 = 0] 

= 𝑎2 + 𝑏2 

∴ (𝑎 + 𝑏)2 = 𝑎2 + 𝑏2 

(𝑎 − 𝑏)2 = 𝑎2 − 2𝑎𝑏 + 𝑏2 = 𝑎2 + 𝑏2 

Theorem3: The characteristic of an integral domain is either a prime number or a zero. 

Proof: Let (𝑅; +,∙ ) be an integral domain and 𝑎 ≠ 0 ∈ 𝑅 

Case (i): If 𝑜(𝑎) = 0   𝑎 𝑖𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑎𝑠 𝑎𝑛 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝 (𝑅; +) 

∴ 𝑐ℎ𝑎𝑟 𝑜𝑓 𝑅 = 0 [∵ 𝐼𝑓 𝑎𝑛𝑦 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎 𝑟𝑖𝑛𝑔 𝑅 𝑖𝑠 𝑜𝑟𝑑𝑒𝑟 𝑧𝑒𝑟𝑜, 𝑟𝑒𝑔𝑎𝑟𝑑𝑒𝑑 𝑎𝑠 𝑎 𝑚𝑒𝑚𝑏𝑒𝑟 

  𝑜𝑓 𝑡ℎ𝑒 𝑎𝑑𝑑𝑖𝑡𝑖𝑣𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑅 𝑡ℎ𝑒 𝑐ℎ𝑎𝑟 𝑜𝑓 𝑅 𝑖𝑠 𝑧𝑒𝑟𝑜] 

Case (ii): If 𝑜(𝑎) = is finite, Let 𝑜(𝑎) = 𝑝 where 𝑝 is the positive integer 

By known theorem; The char of an integral domain is the order of any non-zero element of R, 

regarded as a member of additive group (R; +). 

∴ 𝑐ℎ𝑎𝑟 𝑜𝑓 𝑅 = 𝑝 To prove that P is prime 

If possible, suppose P is not a prime. 

∴ 𝑝 = 𝑝1𝑝2     𝑤ℎ𝑒𝑟𝑒 𝑝1 ≠ 1, 𝑝2 ≠ 1 𝑎𝑛𝑑 𝑝1 < 𝑝 𝑎𝑙𝑠𝑜 𝑝2 < 𝑝 

Since R has no zero divisors, the product of any non-zero elements cannot be zero. 

∴ 𝑎 ≠ 0 ⟹ 𝑎. 𝑎 ≠ 0 ⟹ 𝑎2 ≠ 0 ∈ 𝑅 

∴ 𝑜(𝑎2) = 𝑝 ⟹ 𝑝 𝑖𝑠 𝑡ℎ𝑒 𝑙𝑒𝑎𝑠𝑡 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑝𝑎2 = 0 

⟹ (𝑝1𝑝2)𝑎2 = 0 ⟹ (𝑝1𝑎)(𝑝2𝑎) = 0 

⟹ 𝑝1𝑎 = 0 𝑜𝑟 𝑝2𝑎 = 0  (𝑠𝑖𝑛𝑐𝑒 𝑅 ℎ𝑎𝑠 𝑛𝑜 𝑧𝑒𝑟𝑜 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠) 
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This is a contradiction [ ∴ 𝑜(𝑎) = 𝑝 𝑎𝑛𝑑  𝑝1 < 𝑝 , 𝑝2 < 𝑝 ⟹ 𝑝𝑎 = 0 𝑏𝑢𝑡 𝑝1𝑎 ≠ 0, 𝑝2𝑎 ≠ 0 ] 

∴ Our supposition is wrong so P is a prime. 

Hence the char of R is either a prime or a zero. 

Theorem4: The characteristic of a field/ division ring is either a prime number or a zero 

Proof: we know that every field is an integral domain. And write the proof of above theorem. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


